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Faculté des Sciences Exactes et Informatique,
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Abstract
The pseudoharmonic oscillator potential is studied in non relativistic quantum mechanics with
a generalized uncertainty principle characterized by the existence of a minimal length scale,
√
(∆x)min = ~ 5β. By using a perturbative approach, we derive an analytical expression of the
energy spectrum in the first order of the minimal length parameter β. We investigate the effect
of this fundamental length on the vibration-rotation energy levels of diatomic molecules through
this potential function interaction. We explicitly show that the minimal length would have some
physical importance in studying the spectra of diatomic molecules.

∗

Electronic address: djamilbouaziz@univ-jijel.dz

†

Electronic address: abdelmalek-boukhellout@univ-jijel.dz

1

I.

INTRODUCTION

Several studies in quatum gravity propose to modify the standard Heisenberg uncertainty
principle to the form: (∆X) (∆P ) ≥

~
(1
2

+ β (∆P )2 + ...), where β is a small positive

parameter [1–3]. This generalized uncertainty principle (GUP) includes a nonzero minimal
√
uncertainty in position (minimal length), given by (∆X)min = ~ β. This minimal length
is assumed to be on the order of the Planck length of 10−35 m, which is a lower bound to
all physical length scales [4–6]. The introduction of the GUP in quantum theory leads to
fundamental consequences on the mathematical basis of quantum mechanics. One of the
most important implications of this GUP is the deformation of the commutation relation
b Pb] = i~(1 + β Pb2 ) [7]. The
between position and momentum operators to the form: [X,

formalism, based on this deformed algebra, together with the new concepts it implies, has
been discussed extensively in one and more dimensions by Kempf and co-workers in Refs.
[7–11].
In recent years, various topics were studied in this modified version of quantum mechanics,
amongst other, we cite, the Schrödinger equation for, the harmonic oscillator potential [7,
12, 13], the hydrogen atom problem [12, 14–17], the singular inverse square potential [18, 19],
the problem of a particle in a gravitational quantum well [20, 21]. In relativistic equations,
the minimal length was introduced in the Dirac equation, with a constant magnetic field
[22, 23], with vector and scalar linear potentials [24], for the hydrogen atom potential [25],
and the Dirac oscillator [26, 27]. The effect of the GUP was also investigated in the context
of the Klein-Gordon equation [22, 28, 29]. Finally, the Casimir effect [30, 31], and the black
body radiation [32] have been studied within this modified formalism of quantum mechanics.
For a large number of references in connection with this subject, see, Ref. [33]. For the sake
of completness, let us mention that there is also another form of the GUP, recently proposed
in the literature, which incorporates a minimal length and a maximal momentum [34, 35].
Much attention is equally given to the study of the implications of such GUP on physical
problems, see, for instance, Refs. [36–39].
Only a few problems have been solved exactly in the formalism of quantum mechanics
with a minimal length, such as the Schrödinger equation for the harmonic oscillator [13] and
for the singular inverse square potential [18, 19]. In the hydrogen atom problem, for instance,
the effect of the minimal length is assumed to be too small and studied perturbatively in
2

coordinate space [12, 14–16].
It is important to note that any theory based on the GUP is supposed to account for
quantum gravitational effects, which arise at scales of the order of the Planck length [40].
However, it has been argued that, in relativistic or nonrelativistic quantum mechanics, this
elementary length incorporated in the GUP may be viewed as an intrinsic scale characterizing
the system under study [8, 18]. Consequently, the formalism based on these deformed
commutation relations may provide a new model for an effective description of complex
systems such as quasiparticles, nuclei, and molecules [8].
The purpose of this paper is to study another interaction, in quantum mechanics with a
GUP, namely, the molecular pseudoharmonic oscillator (PHO), V (r) = De ( rre −

re 2
),
r

where

De is the dissociation energy and re is the equilibrium internuclear distance [41]. The PHO is
one of the most important molecular potentials; it is especially relevant in studying diatomic
molecules, and it is of great importance in chemical physics, molecular physics and other
fields of physics [42–47]. The main feature of the Schrödinger equation with this potential
function is that it allows its exact solution for arbitrary rotational quantum number ℓ.
This is an advantage compared to other molecular potentials such as the well-known Morse
potential [48], which can solved exactly only for non-rotating diatomic molecules.
The objective of this work is twofold, first to compute perturbatively the energy spectrum
of the PHO potential in the context of the deformed Schrödinger equation with a minimal
length, and second, to investigate the effect of the deformation parameter on the vibrational
and rotational energy levels of diatomic molecules. Of course, in such application, quantum
gravitational effects are extremely small, and the the minimal length would not be on the
order of the Planck scale but rather it might be associated to a dimension of the molecule.
The rest of this paper is organized as follows. In Sec. II, we present the basic equations
of quantum mechanics with a GUP. Sec. III is devoted to the study of the PHO in quantum
mechanics with a GUP, and the effect of the minimal length included in the formalism, on
the vibration-rotation energy levels of diatomic molecules. In the last section, we summarize
our results and conclusions.
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II.

BASIC EQUATIONS OF QUANTUM MECHANICS WITH A GUP

We study the PHO potential in deformed quantum mechanics based on the following
3-dimensional modified Heisenberg algebra [7, 8]:

i
h
i
h
bi , Pbj = i~ 1 + β Pb 2 δij + β ′Pbi Pbj ,
X
h
i
Pbi , Pbj = 0,

(1)

h
i

′
′ b2 
bi , X
bj = i~ 2β − β + β (2β + β ) P Pbi X
bj − X
bi Pbj .
X
1 + β Pb2

These commutators imply the following generalized uncertainty principle (GUP):
!
3
D E2
D E2
X
~
2
2
(∆Xi ) (∆Pi ) ≥
1+β
[(∆Pj ) + Pbj ] + β ′ [(∆Pi ) + Pbi ] ,
2
j=1

(2)

p
(∆Xi )min = ~ 3β + β ′ ,

(3)

which leads to a lower bound of ∆Xi , the so-called minimal length, given by [8, 12]
∀i.

A fundamental consequence of the generalized uncertainty priciple is the loss of localization
in coordinate space due to the presence of a nonzero minimal uncertainty in position measurements, so that, momentum space would be more convenient for solving any eigenvalue
problem.
The most used momentum representation, satisfying Eqs. (1), is that given for the first
time in Ref. [8]


∂
∂
′
2
bi = i~ (1 + βp )
X
+ β pi pj
+ γpi , Pbi = pi ,
∂pi
∂pj

(4)

where γ is related to β and β ′ .

The problem with this representation is that the solution to the deformed Schrödinger
equation is not often simple; only a few problems have been solved exactly in momentum
space with a minimal length. For instance, the hydrogen atom potential, with representation
(4), can be solved only for the s-waves, in the case β ′ = 2β and in the first order of β [17].
The other important representation used in the literature is the following coordinate
space representation [12]:
4

bi = x
X
bi ,


Pbi = pbi 1 + βb
p2 ,

(5)

which is valid in the particular case β ′ = 2β, up to the first order of β. The operators x
bi

and pbi satisfy the standard commutation relations of ordinary quantum mechanics.

The main advantage of representation (5) is that it allows to apply the perturbation

theory in order to study the Schrödinger equation with a given interaction.

In the following section we will study the Shrödinger equation for the PHO molecular
potential using representation (5), we will be interested in particular to the effect of the
minimal length on the energy spectrum.

III.

PHO POTENTIAL IN QUANTUM MECHANICS WITH A GUP

While several potentials were studied in quantum mechanics with a GUP, here we consider
the PHO molecular potential, which has the form
V (r) = De (

re
r
− )2 ,
re
r

(6)

where De is the dissociation energy and re is the equilibrium internuclear distance of a given
diatomic molecule [41].
As is clear, the potential (6) contains both the harmonic and the inverse square interactions, for which the deformed Schrödinger equation has been solved exactly with the
momentum representation (4), see Refs. [13, 18]. However, the incorporation of the PHO
interaction into Schrödinger equation in momentum space leads to a differential equation of
fourth order, for which the analytical solution is not known.
Given the importance of such potential, especially in molecular physics, we investigate
here its deformed Schrödinger equation in coordinate space by using the representation (5).
We proceed then by writing the Schrödinger equation, for a particule with reduced mass
µ interacting with the PHO potential in position representation as follows:
!
Pb 2
→
→
+ V (r) ψ( r ) = Eψ( r ).
2µ

(7)

Using representation (5) in Eq. (7), and neglecting terms of order β 2 , we obtain the
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following deformed Schrödinger equation:
 2

pb
β 4
→
→
+ V (r) + pb ψ( r ) = Eψ( r ).
2µ
µ

(8)

In the limit β = 0, Eq. (8) reduces to the ordinary Schrödinger equation. Its solution

for this potential function can be found in the standard textbooks of quantum mechanics,
see, for instance, Ref. [49]. For the bound state solutions, the energy eigenvalues and the
corresponding normalized eigenfunctions are [41, 49]:


1
= −2De 1 − (2n + 1 + λ) , n = 0, 1, 2, . . .
γ
 α 

0
− 21 +λ
exp − r 2 1 F1 −n, 1 + λ; αr 2 Yℓm (θ, ϕ),
ψnℓm (r, θ, ϕ) = Nnℓ r
2
0
Enℓ

(9)
(10)

where Nnℓ is a normalization constant given by
r
1 λ
2Γ(λ + n + 1)
α2+ 2
,
Nnℓ =
Γ(λ + 1)
n!
1 F1

is a confluent hypergeometric function, Yℓm are the spherical harmonics, n and ℓ are,

respectively, the radial (vibrational) and orbiatal (rotational) quantum numbers. We have
used the notations
r
r
2µDe re2
4De
γ
1
=
, λ = γ 2 + (ℓ + )2 , α = 2 ,
γ=
2
~
~ω
2
re

2
ω=
re

s

2De
,
µ

where ω represents the classical frequency for small harmonic vibrations.
We return now to Eq. (8). It is clearly seen that the effect of the minimal length is
described by the presence of the perturbation term βµ pb4 in the ordinary Schrödinger equation.

Thus, one can use the perturbation theory to compute the correction to the energy levels in
the first order in β. We can then write

0
Enℓ = Enℓ
+ ∆Enℓ ,
0
0
where Enℓ
are the unperturbed levels corresponding to the eigenfunctions ψnℓm
(r), solutions

to the ordinary Schrödinger equation, and ∆Enℓ is the correction caused by the minimal
length. It is given by
∆Enℓ =

β
β 0
hψnℓm p4 ψn0 ′ ℓ′ m′ i ≡ hnℓm p4 n′ ℓ′ m′ i.
µ
µ
6

It has been shown in Ref. [12] that, for central interactions, ∆Enℓ can be expressed as follow:
∆Enℓ = 4βµ

h

0
Enℓ

2

i
0
− 2Enℓ
hnℓm |V (r)| nℓmi + hnℓm V 2 (r) nℓmi .

(11)

For the sake of later comparison with the harmonic oscillator, we write the PHO potential
(6) in the general form
V (r) = ar 2 +

b
+c ,
r2

(12)

where the parameters a, b and c are related to the dissociation energy De and to the equilibrium internuclear distance re by
a = De /re2 ,

b = De re2 ,

c = −2De .

By using formula (11) with the PHO potential (12), we obtain
0 2
0
0
∆Enℓ = 4µβ ((Enℓ
) + 2ab + c2 − 2cEnℓ
+ (2ac − 2aEnℓ
) hnℓm| r 2 |nℓmi

0
+a2 hnℓm| r 4 |nℓmi + (2bc − 2bEnℓ
) hnℓm| r12 |nℓmi + b2 hnℓm| r14 |nℓmi .

(13)

To compute the minimal length correction, one has then to evaluate the matrix elements

q

hnℓm| r |nℓmi =

2
Nn,ℓ

Z∞

2
r q+1+2λ exp(−αr 2 ) 1 F1 −n, 1 + λ; αr 2 dr,
0

where q = −4, −2, 2, 4.

After evaluating the above integrals, we have obtained the following results:

λ + 2n + 1
,
α
(λ + 1)(λ + 2) + 6n(λ + n + 1)
hnℓm| r 4 |nℓmi =
,
α2
α
1
hnℓm| 2 |nℓmi = ,
r
λ
λ + 2n + 1
1
.
hnℓm| 4 |nℓmi = α2
r
λ(λ2 − 1)
hnℓm| r 2 |nℓmi =

By inserting these results in Eq. (13), we arrive at the expression
s
a~2
0 2
0
0
∆Enℓ = 4µβ ((Enℓ
) + 2ab + c2 − 2cEnℓ
)+
(2c − 2Enℓ
)(λ + 2n + 1)+
2µ
 (14)
q
1
λ
+
2n
+
1
~2
0
2
a(2bc − 2bEnℓ
) + 2µ
.
a ((λ + 1)(λ + 2) + 6n(λ + n + 1)) + 2µ
2 ab
~2
2µ
λ ~
λ(λ2 − 1)
7

Equation (14) generalizes the formula given in Ref. [12] for the harmonic oscillator
potential, which is obtained when b = c = 0. In this case one has
ho
∆Enℓ



~2
3
5
3
(ℓ + )(ℓ + ) + 6n(ℓ + n + ) ,
= 4βµa
2µ
2
2
2

which is exactly the correction derived in Ref. [12].

From Eqs.(9) and (14), the complete energy spectrum of the PHO in the presence of a
minimal length can be written, in terms of the molecular parameters re and De , as folow:

0 2
0
0 λ + 2n + 1
+
Enℓ =
+ 4µβ (Enℓ
) + 4De Enℓ
+ 6De2 − (4De2 + 2De Enℓ
)
γ

0
2
2De (2De + Enℓ
)
2 2 λ + 2n + 1
2 λ + (6n + 3)λ + 6n(n + 1) + 2
,
−γ
+ De γ
De
γ2
λ
λ(λ2 − 1)
q
where, n = 0, 1, 2, . . ., and λ = γ 2 + (ℓ + 21 )2 .
0
Enℓ

(15)

This formula is the main result of this work. It allows us to investigate the effect of the

GUP on the vibration-rotation energy levels of a given diatomic molecule with the PHO
interaction.
In fact, we may expand En,ℓ into powers of 1/γ since the parameter γ is so large (γ ≫ 1)
for most molecules [48]. We obtain after some calculations and simplifications the expression


1 21
1 1 1
Enℓ = 4De (n + ) + (ℓ + ) 2
2 γ 4
2 γ
(
# )
" 
2


1
1
1
1
+ 4µβDe2 [6n (n + 1) + 3] 2 + n +
4 ℓ+
+ 2 3 + O 1/γ 4 ,
γ
2
2
γ

(16)

which can be approximated for a rotating diatomic molecules as follow:

1 1
1 1
Enℓ ≈ 4De (n + ) + De (ℓ + )2 2
2 γ
2 γ

2

1
1
1 21
1
1
2 1
2
2
+ (6µβDe ) 2 + 24µβDe (n + ) 2 + 16µβDe n +
ℓ+
+ O( 4 ). (17)
3
γ
2 γ
2
2 γ
γ
This formula shows the effect of the deformed Heisenberg algebra on the energy levels of
a diatomic molecule interacting with the PHO potential. We can observe that the minimal
length correction carries new terms in the ro-vibrational energy spectrum, which do not
8

exist in the undeformed case, such as the anharmonic vibrations and the coupling vibrationrotation. In fact, the third term in Eq. (17) can be viewed as a correction caused by the
minimal length to the dissociation energy of the molecule. The fourth term is a correction
that accounts for the anharmonicity of vibrations. Finally, the last term is simply the effect
of the minimal length on the coupling vibration-rotation. However, it is easily seen, that
the effect of the minimal length on the harmonic vibrational energy levels is too small;
the correction of this energy is proportional to 1/γ 3 , and is neglected compared to the
first term in Eq. (17). This result seems to be interesting as long as the introduction of
this elementary length brings all empirical terms of diatomic molecules energy spectrum.
Therefore, the PHO potential becomes a more realistic model in this formalism of quantum
mechanics with a minimal length; its spectrum is now similar to those of the well known
Kratzer and Morse potentials [48].
Furthermore, Formula (16) can be viewed as an energy spectrum of a three-parameter
potential function, i.e., De , re , and β. In this sense, the procedure of fitting used in the
case of three-parameter potentials, such as Morse function, can be followed for adjusting the
parameters of the ”deformed PHO” with the spectroscopic data of diatomic molecules. This
viewpoint would be important because one can compute the values of β for any molecule,
and estimate an order of magnitude of the minimal length in molecular physics. For this, it
would be interesting to compute the energy spectrum in the general case (β ′ 6= 2β) of the
deformed Heisenberg algebra (1). This is because, in the modified Schrödinger equation (8),
studied here, the perturbation term (β/µ)b
p4 can arise from many different sources, such as
the relativistic corrections, and hence it can describe not only the minimal length. However,
in the case (β ′ 6= 2β), the Schrödinger equation takes a complicated specific form, which
clearly describe the minimal length corrections. One can then, without any ambiguity,
conclude about the significance, and the order of the minimal length in diatomic molecules
physics.

IV.

SUMMARY

We studied the PHO potential in quantum mechanics with a GUP, which includes a
minimal length. By using a perturbative approach, the correction to the energy spectrum of
the PHO potential due to the existence of this fundamental length is obtained analytically
9

in coordinate space. The problem of vibration-rotation of diatomic molecules is investigated
in this modified version of quantum mechanics by means of this potential model. The effect
of the minimal length on the ro-vibrational energy levels manifests by the appearance of
three kinds of corrections in the energy spectrum: the first modifies the dissociation energy, the second concerns the anharmonic vibrations, and the last correction affects the
coupling vibration-rotation. This result shows that the introduction of the minimal length
improves this molecular potential model since its energy spectrum includes now all the necessary energy terms to describe the experimental vibration-rotation energy levels of diatomic
molecules. Therefore, It would be important to extend this study to the general case of the
deformed Heisenberg algebra (arbitrary values of β and β ′ ), and thereafter one can investigate quantitatively the effect of the minimal length on the vibration-rotation of diatomic
molecules. This work is in progress and will be published else where.
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